
Atmospheric Circulation

Introduction

Climate science is to weather forecasting as economics is to business.  Economists are concerned with the 
general behaviour of very large populations and how they influence each other to provide for their needs. 
This is of little value to the practical businessman, who must know his specific customers desires, and needs 
the skills to meet them at a price they can afford.  Consequently, there are few economists who are actually 
capable of running the proverbial booze-up in a brewery.

By the same token, there is nothing here of interest to the practical sailor,even though the presentation deals 
with prevailing wind directions and strengths. We are taking a top-down approach which hopefully will 
provide insights into general features of climate.  Meteorology, on the other hand, is a bottom-up approach to
provide the means by which useful weather predictions, covering timescales relevant to the average citizen, 
may be made.

As in the business analogy, there is very little actual overlap between the general and the particular, although
the naïve erroneously imagine the two subjects to be equivalent.

We have derived 'mean global temperature', based on fundamental physical laws, elsewhere. The problem 
remains, however, that  'mean global temperature' defies rigorous definition, so in the equilibrium equations  
the results were claimed to be typical of temperate regions on the planet in question, when there is a 
substantial atmosphere.  The calculation of the actual temperature distribution over an entire planet, from 
first principles, is still an intractable problem. 

In this note we raise the level of detail to consider how temperature might vary with latitude on a rotating 
planet, by considering how heat is conveyed from Equator to poles to reduce the temperature variation to 
well below that expected of an airless world.  This requires a consideration of the general movement of air in 
the atmosphere.

Basic Principles

Figure 1: Motion on a Rotating Sphere

We begin by considering Newton's First Law of Motion. This is usually stated in a form more appropriate to a 
religious catechism, than a scientific study:



'A body will continue in a state of rest or in uniform motion in a straight line unless acted upon by a 
force'

Like most religious decrees, it doesn't stand up to critical scrutiny.  So we are told to memorise it in order to 
gain full marks in the exam.

Of course, when first exposed to this arcane statement of sacred truth we are too naïve to ask the obvious 
questions such as; motion with respect to what?  Taking the statement at face value, we discover it is 
nonsense when we try playing blliards on board a rolling ship or a moving train.  As stated, it is a Sunday 
truth.

It would be more accurate to state that; if a body remains in a state of rest or uniform motion without the 
application of a force, then the measurements are taking place within an inertial frame of reference.  This 
makes sense, because we can measure force independently through its effects other than inertial resistance,
for example, distortion of an elastic body.

When considering motion of the planets, a frame of reference which is fixed with respect to the distant stars 
is the one which is usually chosen.  These define the orientation of our reference axes, but the origin is 
chosen as any convenient reference point.  

It follows that if we consider motion with respect to a point fixed on a rotating planet, we are not  dealing with 
an inertial frame because motion in a circle with respect to our stellar frame of reference is not 'uniform 
motion'.  We are made fully aware of the effects of a rotating frame of reference every time we round a 
corner in a speeding car, or ride a roller coaster.

If we imagine a body, say a satellite in orbit circling over the poles, ideally, its orbit remains fixed in inertial 
space.  This isn't true in practice because the Earth s not a uniform sphere, but we are dealing with a 
hypothetical ideal planet.

To an observer on the surface of the Earth, the satellite orbit appears to precess towards the West.

We shall comment on this in greater detail later, but because it is so fundamental to the discussion, it is of 
paramount importance that the consequences of referring our motion to a non-inertial frame such as a point 
fixed with respect to the Earth's surface, are appreciated from the outset.

Figure 2 : Motion of a Point on the Surface of a Sphere

The difference in velocity between a point on the Equator and one at latitude θ (theta) is found from the theta) is found from the 
angular velocity ω (theta) is found from the omega) of the planet.



On the Equator:

v0=R
at latitude θ (theta) is found from the theta):

v=Rcos 

the difference is:
 v= R1−cos 

The Earth's radius is  6371 km, and rotates once in 24 hours,so has an angular velocity;

=
2
24

 radians/hr

So: R=1669km /hr

As an example: at 30 degrees North, the difference is 223km/hr.  Wind speeds on the Earth are nothing like 
this high, they are more typically about one tenth of this value. The air is clearly entrained in the motion of the
surface.

We cannot proceed with the analysis of circulation patterns on a rotating planet until the process of 
entrainment is characterised.

The Stationary World

In order to avoid confusing the issue by introducing extraneous effects, we begin our deliberations by 
considering a non-rotating, or slowly rotating, world with a substantial atmosphere, like Venus, but with a 
more tenuous atmosphere. What would a stopped Earth look like?

Our starting point is to consider the consequences of the temperature distribution as dictated by the radiative
heat flow to the surface, as would be the case in the absence of an atmosphere.

By radiation alone the thermal power received by the planet varies with the cosine of the latitude.  In principle
, the equilibrium temperature of the poles would be absolute zero.  This is not the case because heat is 
conducted through the surface material to the poles, which are consequently above absolute zero, but still 
extremely cold.  We shall treat the surface as if it were in radiative equilibrium in the region  ±70º latitude.

Some of the solar irradiance is reflected straight back into space, but this effect (theta) is found from the albedo) will be ignored. We 
shall treat the irradiance as already modified by the albedo before including it in our equations.  This is 
intended to minimise the obfuscating clutter.

The temperature, assuming a black body distribution, is given by the Stefan-Bolzmann Law:

T=
4 q

where T is absolute temperature and σ is the Stefan-Bolzmann constant.

We see that the ratio of the temperature at 70º North to that at the Equator is:

T 70
T 0

=
4
 1−cos 70o =0.9

There is evidently a temperature gradient over the surface.

If an atmosphere is present, the gas behaviour will be characterised by an equation of state, typically the 
ideal gas equation:



p= RT

where p is pressure, ρ (theta) is found from the rho) is density and R is the gas constant for the mixture of gases making up the 
atmosphere.

Figure 3 : Illustration of Lambert's Law

Where there is a temperature difference we expect there to be a pressure difference.  If this is not balanced 
by another force (theta) is found from the for example gravity in the vertical direction), we expect the gas to flow until the low field 
itself generates a constraint.  The obvious example would be fluid friction at the surface, another is the 
potential for shock wave formation if the fluid flow becomes supersonic.

It has been shown elsewhere that in the presence of a negative temperature gradient (theta) is found from the lapse rate), gas 
cannot remain stationary, but must flow upwards or downwards.  The net result of this inherent instability is 
the establishment of a circulation pattern such as is depicted in Figure 4.

Gas rises at the Equator and (theta) is found from the in the Northern Hemisphere) flows Northwards.  It then descends near the 
Poles.  Continuity of mass therefore requires the flow then to continue Southwards back towards the 
Equator.  This flow pattern (theta) is found from the at least the upper part) has been observed empirically on Venus.

Continuity of mass flow requires the stream tubes to become narrower as the gas is conveyed towards the 
pole, so the speed of the flow must increase as it moves Northwards.  So we expect the flow velocity to be 
related to latitude according to an equation of the form:

1U 1 cos 1=0U 0 cos0    

where ρ (theta) is found from the rho) is density, U is flow velocity and θ (theta) is found from the theta) is latitude.  This isn't quite correct because the 
atmosphere is deeper at the Equator than at the poles, but to take this into account would include a level of 
detail which is not justified by the accuracy expected of the calculation, and is merely extraneous detail, 



which may be re-visited once an initial understanding of the problem has been gained.

Figure 4: Expected Circulation Pattern

Figure 5: Mass Continuity

The flow is governed by the constant flow energy equation:



T 0=T  1−1
2

M 2
where T is absolute temperature, γ is the ratio of the specific heat at constant pressure to that at constant 
volume, and M is the Mach number. 

We assume that the flow rate is limited by the speed of sound (theta) is found from the i.e. the flow is 'choked' near the pole).  With 
no such restriction on flow rate, the temperature distribution would be uniform over latitude (theta) is found from the heat would flow 
until there is no net temperature gradient).

The minimum and maximum temperatures are related by:

T
T 0

=
2
1

 

On Venus the atmosphere is mainly carbon dioxide for which γ=1.3, so we expect a maximum to minimum 
temperature of:

 TT 0 Venus=
2
2.3

=0.87

So we expect the temperature to vary by about 13% over the planet.  For a (theta) is found from the stationary) Earth, this would be 
about 17%.

Taking the mean temperature of the Earth to be 288K, this estimate would yield a temperature range from -
11.5ºC to 41ºC, which considering the crudeness of the theory, isn't bad.

If the atmosphere were replaced completely with CO2 this range would reduce to -5ºC to 35ºC. So much for 
'runaway greenhouse effect'.

We expect he temperature ratio to be similar for the surface as it is for the tropopause, but it is eident that the
choked flow condition is expected at the tropopause where the gas density is lower.  We should expect the 
surface wind speeds to be roughly in the ratio of the densities. For Venus we might expect something like 
70:1, so that the surface wind speed would be about 3.5ms-1.  This might not seem much, but the very high 
density implies a very  substantial dynamic pressure.



We can gain some evidence of choked flow conditions from the static temperature measurements of the 
Venusian atmosphere.  Radiative balance in the tropopause would indicate a temperature of 204K, but the 
value measured by probes sent there was 175K.  If we put these numbers into the isentropic flow equation:

T 0=T  1−1
2

M 2
we deduce the Mach number of the flow as 1.0, which is the condition for choked flow. There may be other 
explanations for the high velocity, so it would be premature to claim that this necessarily confirms our choked
flow hypothesis.

In order to gain some further insight, it would be useful to estimate the expected mass flow rate.  The 
enthalpy flow from the equator to the latitude whose temperature corresponds to the mean irradiance is 
obtained from the temperature difference.  This must equal half the mean irradiance.

ṁC p T max−T av=
qav
2
A  

where Cp is the specific heat at constant pressure, and A is the surface area of the planet corresponding to 
the half the average irradiance.  We shall, somewhat arbitrarily, take this as the area between the Equator 
and 30º  latitude., or a quarter of the Earth's surface. As we are dealing with mass flow in one direction, this 
will be halved again.

The average temperature was itself calculated from the mean irradiance:

T av
4
=
qav


Using the maximum to minimum temperature ratios for a CO2: atmosphere:

T max=1.07Tav  

We may get an estimate of the mass flow from:

ṁ=


0.28
r 2

C p

 T av
3

The expression for air is:

ṁ=


0.37
r2

C p

 T av
3



At any latitude the mass flow towards the Equator must equal the mass flow away from it,so we expect there 
to be a region above the surface where the mass flow is zero.  As there can be no net accumulation of mass 
anywhere in the atmosphere, the mass of gas above this level in the troposphere must be the same as that 
below.

The mass per unit area is obtained from the density:

m= z  z

For an atmosphere which obeys the ideal gas equation (theta) is found from the this precludes Venus), the density is related to 
temperature via the polytropic equation:



0
= TT 0 

n−1

where n is the polytropic index:

n=
g

R

where g is the gravitational acceleration and α is the temperature lapse rate characterising the variation of 
temperature with height in the troposphere.

T=T 0−α z

The zero flow height we are seeking is found from the first moment of the mass about the surface:

zn=
∫ z ρ(z)dz

∫ρdz

This is readily integrated using the substitution:

z=
T0−T

α

From which:

∫ zρ(z )dz=−(
ρ0
α )[∫T0( TT 0 )

(n−1 )

−T (
T
T 0 )

(n−1 )

dT ]
The denominator just the first term in this integral divided by the surface temperature.

Evaluating the integral, we find:

zn=
T0
α [1− n

n+1 (
1−(

T
T 0 )

(n+ 1)

1−(
T
T 0 )

n )]
The turbulent troposphere extends up to a height where the static pressure is about 22kPa.  For the Earth 
the surface pressure is about 100kPa, so we may determine the temperature ratio from the polytropic 
equation.



p
p0

=( TT0 )
n

from which we deduce the temperature ratio to be 0.75.

Using values for the Earth, we calculate n to be 5.24., so the rather messy term in square brackets evaluates
to 0.1.  The neutral height depends on the surface temperature, so we expect it, together with the height of 
the tropopause, to vary with latitude, being greatest at the equator and least at the poles. 

The lapse rate on Earth actually depends on the moisture content and varies with relative humidity.  On an 
arid world it depends only on the thermodynamic properties of the gas.  A typical value for the Earth is 6.5 K 
per kilometre. The neutral height is therefore 4.4km.

Flow fields of interest to the aerodynamicist consist of large regions where viscosity can be ignored and thin 
layers in the vicinity of solid surfaces moving relative to the fluid, known as boundary layers, where the effect 
of viscosity dominates the flow..  

If we take a closed contour in the flow field and sum the component of velocity tangential to it, taken all the 
way around, the value of this integral divided by the area of the contour is called the circulation.  As the size 
of the contour approaches zero, the quantity is called vorticity.

As the flow at the top of the tropophere is in the opposite direction to that near the surface, it is evident that 
the circulation is not zero.  The vorticity arises from the flow in the vicinity of the surface but cannot be 
generated elsewhere in the flow field, so we conclude that the vorticity is substantially constant and the flow 
rate varies linearly with height.

ρU=ρ0U 0(1−
z
zn )

The positive flow direction is towards the pole.

This yields n expression for the mass flow rate:

ṁ=πρ0U 0 zn r

We now have an expression for the flow rate as a function of  the average temperature.

It is theoretically possible to have a circulation pattern which contains no vorticity, this is approximated by the
flow field  around the core of a tornado, or around the eye of a hurricane, this is known as a free vortex.  
Such a flow pattern would exhibit very high winds and low pressures around the neutral height, and is not 
consistent with observations of known planetary atmospheres. 

The Effect of Rotation

The analysis of the previous section is intended more to present basic principles than to provide a definitive 
description of planetary atmospheres.  We don't expect great precision to be obtained from the expressions 
derived.  They are the classic 'back of fag packet' calculations which the competent analyst would perform in 
order to assist in understanding, and indeed assessing credibility, of the results obtained from computer 
models.  

This manual analysis, geared to gaining actual understanding of the subject matter, appears to have become
a dying art.  Modern analysts seem content to handle-crank complex models in the forlorn hope that they 
might fortuitously find out something about the behaviour of the system, yet remain ignorant of why the 
system behaves as it does.

Reducing the complexity of a planetary atmosphere to a few simple equations is no mean feat.  As the sage 
put it: 'any fool can make a simple subject difficult, the challenge if to make a difficult subject simple'.  
Rotating the planet introduces an additional layer of complexity, which we shall do our best to simplify to a 
level which is comprehensible. 



Figure 6 : Variation of Tangential Velocity

When the planet rotates, the gas at the surface is entrained such that the difference in tangential velocity 
between  two latitudes is given by:

ΔV=ω r (cos (θ)−cos (θ0))  

where ω (theta) is found from the omega) is the angular velocity of the planet (theta) is found from the relative to the mass of fixed stars).

This increase in velocity due to the planet's rotation means that the choke condition, if it is met at all, would 
be met at a lower latitude than on a non-spinning planet, with the result that the circulation requires more 
than one cell.

Observation of the Earth's atmosphere shows that the choked flow condition is not reached even 
approximately.  The closest to choked flow is observed at the higher latitudes in the form of the jet stream. 
This occurs near the pole, as we should expect from the equation of continuity, but is nowhere near sonic.

Figure 7 : Multi-cell Circulation

We should expect warm air to rise at the equator and descend at the poles, but adjacent cells must circulate 



in opposite directions, so it follows that the number of circulation cells must be odd.  

Our first estimate of the extent of the circulation regions assumes the air is completely entrained by the 
surface as it circulates towards the poles.  If a circulation region has a latitude extent of Δθ we expect the 
stream tube widths to be proportional to this by the time the flow becomes parallel to the Equator.  Initially the
flow is directed towards the pole.  Continuity requires:

2πU0 cos(θ0)=ω rΔθ(cos(θ0)−cos(θ0+Δθ))  

On the Earth there are three circulation cells, the one from the Equator to about 30º latitude is known as the 
Hadley Cell, the one from 30º to about 60º is the Ferrell Cell and from 60º to the pole is the polar cell.
 
Consider first the Hadley Cell.  We calculate the value of U0 from the mass flow required to transfer enthalpy 
from the Equator to the poles. Substituting in the above formula, we obtain Δθ=29º, which isn't bad for such a
crude calculation.   However, the calculation does not work for the Ferrel Cell, where it results in the spurious
answer Δθ=19º.  

We surmise that this could be due to the variation in the depth of the troposphere in this region, leading to 
greater horizontal width of the stream tubes., so that the real latitude extent should be greater than this  On 
the Earth the depth of the troposphere varies from 6.4 km at the poles to 14.4km at the Equator. Assuming 
the troposphere depth reduces by a factor of about 2.25 over this region, we get an improved estimate of 
Δθ=27º .  Furthermore, the majority of the temperature drop from the Equator to the poles (theta) is found from the about 15%) 
occurs here, so we also expect an increase in density, which when taken into account, yields a cell extent of 
29º.

The exact location of these circulation cells is by no means precise, and their edges are not clear cut 
boundaries. They are also expected to be affected by the seasons and the presence of land masses, so our 
analysis, based only on the equation of continuity, appears to yield results consistent with the accuracy of our
knowledge of the phenomena.

Greater precision requires a much more detailed model of the atmosphere, which involves the solution of 
probably the worst behaved equations known to man.  Of course fools always rush in where angels fear to 
tread,  and there is no shortage of useless climate models as a result.

Prevailing Winds

For the Hadley Cell we see that at the top of the tropopause away from the equator, the air appears to be 
moving Westwards, when this air descends near the surface it appears to be moving Eastwards. 

In essence, the wind arises because as it flows towards the Equator, the surface is dragging the air around to
the West, but the air lags behind, resulting in a net wind blowing to the East.  Note that if there actually were 
no difference between the air flow and the surface there would be no wind at all.

The Ferrell Cell circulates in the opposite direction to the Hadley Cell so that near the surface the air is 
moving away from the Equator, consequently it appears to be blowing to the West in this region.  The air 
starts with the westerly motion of the Earth surface, but moving away from the Equator, points on the surface
are moving more slowly to the West, in other words they are moving to the East relative to the starting point.  
As already mentioned the air lags behind this apparent easterly motion, and consequently appears to be 
blowing towards the West. 

These prevailing winds were what made intercontinental travel by sailing ships possible, and were 
consequently dubbed 'trade winds'.



Figure 8: Boundary layer Kinematics

The difference between the air velocity and the surface velocity results in a drag force, which must balance 
the inertial force acting on the air as it is accelerated laterally to keep up with the changing surface velocity 
as it moves away or towards the Equator.  In order to find the force we need the lateral acceleration.

Drag forces ultimately depend on fluid viscosity.  However, for air at the velocities and over the distance 
scales of interest, the relationship is far from simple.  Conditions where the flow is nicely ordered (theta) is found from the otherwise 
known as laminar flow) are amenable to analytical solutions after making appropriate approximations to the 
governing equations of fluid flow (theta) is found from the the Navier-Stokes Equations), but more generally recourse must be made 
to semi-empirical methods. Rather than transporting momentum at a molecular level, the flow breaks up into 
turbulent eddies which transfer the momentum through the fluid. All this momentum transfer takes place in a 
region adjacent to the surface called the boundary layer. 

The actual drag force appears as a shear stress at the surface proportional to the velocity gradient adjacent 
to the surface.

We have deduced that the vorticity is constant outside the boundary layer, so that a velocity gradient exists 
from which we may derive a drag force accelerating the air in the direction of rotation of the planet. This 
changes the direction of the radial flow towards the pole until, at a specific latitude, it becomes tangential at 
the surface.  The stream tubes form more or less helical patterns around the planet within each circulation 
cell.

In order to calculate the drag force required we need to express the problem in a reference frame which is 
fixed in space, because we need to know the inertial acceleration needed to maintain position with a point on
the surface of a rotating planet.  That is not convenient.  The problem is simplified if we work in a reference 
frame which is rotating with the planet.



Figure 9 : Local axes

We define a triple of orthogonal vectors, i,  j and k as fixed with respect to inertial space.  This is not a 
convenient axis set for dealing with quantities local to the point P on the surface of the sphere, so we define 
a local axis set by the mutually perpendicular vectors  n (theta) is found from the North), e (theta) is found from the East) and z (theta) is found from the zenith).  These are moving 
in space, and this motion must be taken into account when applying Newton's Laws of Motion.

Taking point P (theta) is found from the fixed with respect to the sphere) as origin, we may consider the motion of the point Q in the 
vicinity of P.

Figure 10: Local Coordinates

Expressed using the reference vectors, the position of the point of interest is the position vector:

r=r z+x e+ y n



where  r  is the planetary radius.

Its velocity in inertial space is:

ṙ=r ż+x ė+ y ṅ+ ẋ e+ ẏ n

r is constant because the point remains on the surface of the sphere. 

The local unit vectors are related to the fixed axes vectors via:

(
z
e
n)=(

cos (θ)cos (ψ)

−sin (ψ)

−sin (θ)cos (ψ)

cos(θ)sin (ψ)

cos (ψ)

−sin(θ)sin(ψ)

sin(θ)

0
cos(θ))(

i
j
k )

After some manipulation we get:

ż=cos(θ)ψ̇ e

ė=−ψ̇ z

And ṅ=−sin(θ) ψ̇e

Substituting for the rates of change of local axes, we find the velocity of point Q with respect to inertial axes.

ṙ=−x ψ̇ z+( ẋ+r cos (θ)ψ̇− y sin (θ)ψ̇)e+ ẏ n
The acceleration is:

r̈=(−2 ẋ ψ̇+r ψ̇2 cos(θ)+ y sin (θ)ψ̇
2
) z+( ẍ−x ψ̇

2 cos (θ)+2 ẏ ψ̇sin (θ))e+ ÿ n

To begin with we shall only consider the Hadley Cell, for which the origin lies on the Equator:

r̈=(−2 ẋ ψ̇+r ψ̇2
)z+( ẍ+x ψ̇

2
)e+ ÿ n

The zenith component consists of a coriolis term arising because moving along the local easterly axis moves
the point away from the centre of rotation.  The second term is evidently the centrifugal term to be expected 
on a point which is stationary with respect to a rotating body. The fact that the local easterly axis is rotating 
with the planet introduces an additional centrifugal term.  

It is sometimes claimed that the lateral air motion is the result of coriolis accelerations acting on air masses 
as they flow towards the poles, but we see that, in the Hadley Cell at least, there is negligible coriolis term 
acting in an east-west direction.

If we now consider the same case where θ→90º, the inertial accelerations become:

 r̈=(−2 ẋ ψ̇+ y ψ̇2
)z+( ẍ+2 ẏ ψ̇)e+ ÿ n  

The coriolis term is now apparent in the easterly component of acceleration.  We can think of the two 
extreme cases as motion on the surface a rotating cylinder (theta) is found from the low latitudes) and motion on a rotating disc (theta) is found from the high
latitudes).

In principle we could calculate the drag force on fluid particles from their velocities relative to the surface and 
integrate the equations of motion in order to estimate the near surface wind speed.  However since the drag 
coefficients and boundary layer thickness estimates used would be little better than guesses, such spurious 
precision is hardly justified.

 However, as it involves coding and software development, rather than actually knowing what you are doing, 
such utterly nugatory activity would doubtless be funded.



Comments

We have used some very basic thermodynamics and aerodynamics to derive general features of planetary 
atmospheres.  In order for a temperature difference to be present between the Equator and the poles, some 
process which generates a back pressure must be present.  For simplicity we have taken this as the 
limitation in mass flow rate  resulting from the presence of sonic velocity somewhere in the flow field.  This is 
unlikely to be the case in practice.  The jet stream velocity on Earth is high but nowhere near sonic.  The 
actual mechanism is more likely to be fluid friction, which is extremely difficult to predict theoretically.  As far 
as temperature ratios are concerned, however, the exact mechanism is not really important, although the 
effect on flow velocity is considerable.  

The analysis of the circulation was based on the premise that, on average,  the cross sections of each 
individual stream tube is proportional to the cross section of the duct through which the mass of fluid flows.  It
is essentially the law of conservation of mass.  This appeared to work well for the Hadley cell, although not 
so well with the Ferrell cell, due, we believe, to the uncertainty in the effective duct size.

As stated from the outset, there is nothing here of value to the working meteorologist.  


