
1 Introduction

In this note we consider techniques for destroying targets which are most vulnerable to top attack, 
i.e. armoured fighting vehicles and bunkers.

Typical engagement scenarios are presented in figures 1 and 2.

Figure 1: Vertical Dive

Figure 2: Directional Warhead

In figure 1, a guided weapon is steered on to a vertical trajectory directly above the target.  In figure
2 the weapon overflies the target and detonates a directional warhead, such as a shaped charge, to 
penetrate the target from above.

We see straight away that the principal problems with both these forms of attack are concerned with
devising a sensor system which can determine the position of the weapon with respect to the target. 



The end game requires the sensor to look directly downwards, which introduces difficulties in 
distinguishing the target from its surroundings.  

Radar systems would tend to rely on the increased signature of the target relative to the clutter, but 
it is reasonable to expect the enemy to seek to reduce the radar signature from the vertical direction 
for precisely that reason.  Simple measures like towing a corner reflector might even work against 
even a sophisticated sensor.  Electro-optical devices may be expected to identify the target by its 
image, but obscurants, camouflage and possibly laser dazzle could be used to defeat them.

The top attack of an armoured fighting vehicle is further hampered by their relatively small size and
their manoeurability.  If the target is stationary and large, such as a bunker, the problems are 
reduced considerably and a combination of inertial navigation and GPS may be employed, but even 
in this case, the sensor design is far from simple.

This note deals with the simpler problem of devising a navigation law for the case presented in 
Figure 1, where the objective is to place a missile, or guided bomb, on to a vertical trajectory 
directly above the target.

2 Line of Sight (‘Tram line’)

If the guidance is under inertial/GPS sensors we may characterise the attack trajectory as a 
combination of straight lines and circular arcs, or possibly just sets of straight lines.

 Figure 3 : Tram line Geometry

Consider first the navigation along a straight line segment.  This is defined in inertial space as a pair
of way points joined by a straight line.  The start of the line segment is vector a and its direction in 
space is the unit vector b̂ . The position vector of the missile is p.  In order to steer the missile 



along the line segment we need to know its perpendicular distance from it.  The foot of the 
perpendicular along the line is |b| from its start.

From the geometry of Figure 3, we have:

|b|b̂+e=p (1

Taking scalar products with both sides of equation (1), remembering that the error vector is 
perpendicular to the line, we have:

|b|=p⋅b̂ (2

Using the above value of the projection of the missile position on the line segment with equation (1)
yields the perpendicular error vector.

We cannot be sure that the missile velocity vector will be parallel to this line, so we cannot use the 
usual line of sight guidance method of calculating the lateral acceleration command from the 
position error and its rate of change.  Instead, we shall set the component of missile velocity 
perpendicular to the beam proportional to the position error:

vD=−k p e (3

Where  kp is a constant.

This implies that the component of velocity demand along the line segment is given by:

uD=√U 2
−|vD|

2 b̂ (4

where U is the current speed of the missile.  Note that when the argument of the square root reduces
to zero, the velocity vector demand is perpendicular to the line, and no further increase in velocity is
possible. 

The two components of missile velocity demand are added vectorially to generate a velocity 
demand:

V D=uD+vD (5

The heading error is equal to the vector product of the unit vectors in the current and desired 
directions:

α=
1

U 2
(V̂ D×Û) (6

In order to correct the heading error, the turn rate (the rate of change of heading) is set proportional 
to this.

ω=−k vα   (7

This implies a lateral acceleration command:

f=ω×U (8



Equations (6), (7) and (8), when combined form a vector triple product which simplifies to:

f=k v(V D−
V D⋅U

U 2 U ) (9

Figure 4 : Small Heading Error

Of particular interest is the behaviour of the navigation law when the missile has settled near the 
line.  The small angle geometry is presented in Figure 4. 

Applying the small angle approximations, equation (9) reduces to:

f=−k p k v y−kv ẏ (10

This is recognisable as a second order system, the gains of which may be obtained readily using 
standard control engineering methods.

3 Transitions

A single straight line path is not particularly useful.  A complete trajectory is expected to consist of 
several such paths.  

Figure 5 : Transition Geometry

The simplest option is to calculate the lateral acceleration requirement to follow the next line 
segment.  When this falls below the maximum lateral acceleration capability of the missile, the 
navigation transfers to the new segment.



An alternative would be to insert a circular fillet between the two line segments.  The radius of the 
circle would be derived from the lateral acceleration and the speed.  The value of the lateral 
acceleration would probably be based on some kind of trajectory optimisation, but here we shall 
assume that the radius of turn is given.
 
A circular arc is defined using three consecutive way points with position vectors a1, a2 and a3 

respectively.  Three points are necessarily co-planar.  We define a local axis set with origin at a2 by 
three orthogonal unit vectors.  The x-axis is the unit vector along the line (a1-a2).

x̂=
a1−a2

|a1−a2|
(11

The z-axis is normal to the plane of the manoeuvre and is found from the vector product of the two 
line segments:

ẑ=
b1×b2

|b1×b2|
(12

where: b1=a3−a2 (13

and: b2=a1−a2 (14

The y-axis lies in the plane of manoeuvre and is given by the vector product of the other two axes:

ŷ= ẑ× x̂ (15

with these axes definitions, the problem reduces to two-dimensional.

Figure 6 : Plane of Manoeuvre



From Figure 6, it is evident that triangles CB1A2 and CB2A2 are congruent, so the two tangents are 
equal in length (x).  Furthermore, angle B1A2B2 is found from the scalar product:

cos (θ)=
b1⋅b2

|b1||b2|
(16

Hence the length of the tangent is:

x=r cot( θ
2
) (17

The centre of the circular arc is therefore:

c=a2+ x x̂+r ŷ (18

The start of the arc is:

d1=a2+x x̂ (19

The end is: d2=a2+ xcos (θ) x̂+x sin(θ) ŷ (20

The position vector of the missile referred to this local axis set is:

s=p−a2 (21

where p is its position vector in inertial axes.

The components of s referred to local axes are:

sx=s⋅x̂
s y=s⋅ŷ (22
sz=s⋅ẑ

Note that there is a component of position vector out of the plane of the manoeuvre.  This is the 
normal component of position error, which in inertial axes becomes:

ez=sz ẑ (23

The in plane components are preferably referred to the centre of the circle.  We define a 2D vector:

ρ=(sx−x ) x̂+(s y−r ) ŷ (24

The in plane position error is the vector:

ex x̂+ey ŷ=(|ρ|−r )ρ̂ (25

We now have the complete position error vector, which may be included in the heading hold 
algorithm.



A further refinement could add the centrifugal term to the heading hold lateral acceleration:

f c=
−U 2

r
ρ̂ (26

It appears we can define the trajectory as a sequence of straight lines and circular arcs in space 
which the missile will follow using the proposed heading hold/tram line navigation law.  This 
approach is of limited value against targets which may move during the fly out.  In fact, it is 
probably defeated if the target moves during the mission planning stage.

A more robust approach would be based on knowledge of the target’s actual position.

4 Homing Navigation Solution

Figure 7 : Homing Kinematics

We consider homing navigation by considering perturbations with respect to the initial aim 
direction.  This avoids obfuscating the problem with mathematically correct, yet obscure 
equations, serving to confuse, rather than clarify the situation.  

This also is representative of modern practice where the missile is guided under 
command/inertial/GPS control until the end game.  Most modern missiles are lock after 
launch and will be guided close to a favourable start of the terminal trajectory in the mid 
course phase.  This is done because the missile sensor is likely to have limited range, and 
also to avoid warning the target by illuminating it with energy until the last possible instant.

Older systems, employing lock before launch, invariably required the launch platform to 
manoeuvre to obtain a feasible aim direction.  

Furthermore, the homing loop is a closed loop system, which is expected to reduce the open 
loop errors arising from deviations from the small perturbation formulation.

With these small angle approximations we see from Figure 7 that the component of sight 
line from missile to target, perpendicular to the aim direction, is given by:



yT− ym=Rϕ (27

Differentiating with respect to time, we get:

ẏT− ẏm=Ṙϕ+R ϕ̇ (28
And again:

ÿT− ÿm=R̈ϕ+2 Ṙ ϕ̇+R ϕ̈ (29

If missile speed and target speed are constant; R̈=0 Also, if the target is not manoeuvring;
ÿT=0.

The missile lateral acceleration (fy) is then related to sight line spin rate ( ω=ϕ̇ ):

f y=2U cω−R ω̇ (30

Where U c=−Ṙ  is the closing speed.

If the time from launch to intercept is T and current time is t, we have R=U c(T−t)

The kinematic equation for homing is:

f y=2U cω−U c (T−t) ω̇ (31

If the missile does not change its current heading, we can calculate what the miss distance would be
from equations (27) and (28):

xm= yT− ym+( ẏT− ẏm)(T−t )=Rϕ+ Ṙ(T−t)ϕ+R(T−t )ϕ̇ (32

This simplifies to:

xm=U c (T−t )2
ω (33

We are seeking a navigation law which reduces this miss distance to zero in the available time to go.

We shall use Liapunov’s direct method.

The function:

V=xm
2  (34

is positive for all values of xm.  

A stable navigation law requires the time derivative of this function to be negative.

In terms of sight line spin, the Liapunov function becomes:

V=U c
2
(T−t )4

ω
2 (35



Differentiating:

dV
dt

=U c
2
[−4 (T−t)3

ω
2
+2(T−t)4

ωω̇] (36

Or:
dV
dt

=−2U c (T−t)3
ω(2U cω−U c (T−t )ω̇) (37

Substituting for lateral acceleration from equation (30):

dV
dt

=−2U c (T−t)3
ω f y (38

This will be negative definite provided:

f y=kNω (39

where kN is a positive constant.
  
A guidance law of this form will reduce the sight line spin to zero as time progresses.  However, it 
does not consider any restriction there may be on the available manoeuvre acceleration.  Using 
equation 39, we can write the kinematic equation (31) in terms of the lateral acceleration:

k N f y=2U c f y−U c(T−t ) ˙f y (40

Re-arranging: ˙f y+
(k N−2U c )

(T−t)U c

f y=0 (41

Explicit solution of equation (41) yields the result:

f y=f y (0)(T− t
T )

(
k N
U c

−2¿)

(42

From which we deduce:

k N=NU c (43

where the value of N must be greater than 2, otherwise the acceleration will increase without 
bounds.

This navigation law is known as proportional navigation. 

The Liapunov approach may be extended to accommodate the additional constraint of a final dive 
angle.

If the climb angle is γ, the Liapunov function may be extended:

V=xm
2
+g(γD−γ)

2 (44

where g is a positive constant and γD is the demanded climb angle, typically -π/2.

The time derivative is:



dV
dt

=2xm ẋm−2g (γD−γ)γ̇ (45

The first term on the right hand side is given by equation (38).  The rate of turn is given by the 
centripetal acceleration:

f y=Um γ̇  (46

where Um is the missile speed.

The derivative of the Liapunov function becomes:

dV
dt

=−2[U c (T−t)3
ω+

g
Um

(γD−γ)] f y (47

This becomes negative definite if:

f y=k1[U c (T−t)3
ω+

g
Um

(γD−γ)] (48

where k1 is a positive constant.

Evidently, both range and range rate must be known.  The choice of gains depends on criteria 
beyond the basic requirement for a stable system.

Differentiating equation (48) twice yields, after some manipulation:

¨f y+k1[(T−t)2
+
g

Um
2
] ˙f y−k1(T−t) f y=0 (49

As with proportional navigation, although we expect the sightline spin equation to be stable for all 
positive values of the constants, it is still possible (in fact, very likely)  that, like the simpler 
proportional navigation law, equation (49) will only avoid infinite accelerations for restricted values
of k1 and g.

Note that in equation (48) k1 may be a function of time to go.  It isn’t quite so obvious that g in 
equation (45) may also be a function of time to go.  

Consider the Liapunov function:

V=g(T−t )m(γD−γ)
2 (50

Where m is a constant.

The derivative is:

dV
dt

=−gm(T− t)(m−1)
(γD−γ)

2
−g(T−t)m(γD−γ)γ̇ (51



Since T-t is always positive, the first term in the above expression is negative definite, provided m is
positive. We may make the climb angle feedback gain a function of time to go, without affecting the
stability.

It appears that there are a large number of potential guidance laws of the form:

f y=k U c (T−t)pω+
g(T−t )q

Um

(γD−γ) (52

where q must be positive.

It is evident, however, that equation (47) remains negative definite if the (T−t)3 is taken outside 
the brackets.  The guidance law then becomes proportional navigation plus a heading hold term:

f y=N U cω+
g(T−t)(m−3)

Um

(γD−γ) (53

for the special case m=2, the lateral acceleration equation becomes:

(T−t)2 ¨f y+(T−t)[N−3+
g

Um
2
] ˙f y+[2−N−2

g

Um
2
] f y=0 (54

This has solution of the form:

 f y=f y (0)(T−t
T )

n

(55

where n is a solution of:

n2
−[N−2+

g

Um
2 ]n+[2−N−2

g

U m
2 ]=0 (56

Both roots must be real and positive,  with positive values of N and g.  This does not appear 
possible, so it is concluded that control saturation is likely to be encountered near intercept.

It may even be possible to use the tramline algoritm of the previous section to place the trajectory 
near enough on to the final dive angle, and again complete the engagement under proportional 
navigation.

5 All at Sea

A particularly difficult target, particularly in a maritime context, is one which hides in surface 
clutter, such as fast inshore attack craft (FIAC) or sea-skimming missiles.

These are usually detectable by the surveillance system by their Doppler, but engaging them is 
tricky.  Line of sight radar systems encounter multipath noise which adversely affects both target 
tracking and missile guidance, so that resort is made to gun systems, which are only effective when 
it is probably too late.



The Doppler processing requirements are different for FIAC than they are for an incoming sea 
skimmer, and in an ideal world we should adapt the seeker parameters to maximise its chances 
against the particular target.  In both cases, however, the time of flight is short, rendering fine 
Doppler resolution difficult to achieve.  Both targets are very small compared with the patch of 
ocean illuminated by the sensor, the Doppler sidelobes of which are likely to swamp the target 
return.  It follows that, anything which can reduce surface clutter return, would be a help.

In order to reduce the surface clutter, vertical polarisation may be used, which is expected to have 
minimal response at an incidence angle of about 65º, otherwise known as the Brewster angle.

Equation (53) furnishes a means of engaging a moving target when there is a constraint on the 
terminal dive angle.

The control saturation problem may not be such a severe problem in this case, because the target 
signature dominates the return at very close range.

However, this differs from the bunker busting case where the vertical trajectory is chosen so that the
kinetic energy of the missile is directed vertically downwards.  In the maritime case it is the sight 
line direction which must be maintained in space to a value which might not coincide with what 
would be expected from the proportional navigation kinematics.

Figure 8 : Constant Sight Line

 In general, the seeker will not be pointing in the direction of flight, but will stare at an angle 
relative to the velocity vector, denoted β in Figure 8.  This used to be called the look angle, but 
nowadays, reflecting the obfuscation which intellectual snobbery engenders, it has become known 
as the angle of regard. For the sake of sheer cussedness, we shall call it the gimbal angle.

We see that:
ϕ=β−γ (57

The Liapunov function for this problem now takes the form:



V=xm
2
+g(ϕD−ϕ)

2 (58

where the sight line direction demand (referred to a datum corresponding to the sea surface) is 
expected to be equal to the Brewster angle.

The time derivative becomes, using the result of equation (38):

dV
dt

=−2U c (T−t)3
ω f y−2g(ϕD−ϕ)ω (59

We propose a solution:

f y=k1 ω+k 2(ϕD−ϕ) (62

From which we conclude:

k2=−(
g

U c (T−t)3 ) (63

Applying the same reasoning as we did to the terminal dive angle, we have for the constant sight 
line trajectory, expressed in terms of measured quantities:

f y=N U cω−
g

U c (T−t)
(ϕD−β+γ) (64

This is similar in form to equation (53), and the governing differential equation for lateral 
acceleration shares its vices:

(T−t)2 ¨f y+(T−t)(N−4) ˙f y−(N+
g

U c
2
−1) f y=0 (65

For which the characteristic equation is:

n2
−(N−3)n−(N+

g

U c
2
−1)=0 (66

However, as the time to go reduces, the relative strength of the target return increases, so that the 
control over the dive angle ceases to be critical when saturation is expected.

6 Discussion and Conclusion

The choice of m=2, in the Liapunov function for the top attack was a matter of mathematical 
convenience.  We have not demonstrated that there is anything optimal about this choice.  

Non-saturating solutions might still exist, but there is a tendency to simplicity in solutions which are
optimum. These tend to correspond to conditions where the constraints reduce the order of the 
problem and number of relevant parameters.  This is an engineering rule of thumb, it is by no means
mathematically rigorous.  Non saturating solutions might exist, but our engineering intuition doubts 
it.



In choosing m=2, the system state depends only on the time to go, which implies that, if it settles at 
all, it will be within the available time to go.  All other choices result in functions which may not 
converge to zero within the available time.

It appears that there must be a trade off between the accuracy of the dive angle and the miss 
distance.  If dive angle is not critical, the complete terminal guidance algorithm might be used until 
the dive angle is within tolerance, and the engagement completed  under proportional 
navigation.The proposed navigation law is:

f y=N U cω+
g

U m(T−t)
(γD−γ)

The resulting characteristic equation governing lateral acceleration is:

n2
−[N−2+

g

Um
2 ]n+[2−N−2

g

U m
2 ]=0

The temptation is to produce positive roots by changing the sign of g.  This will cause the 
acceleration to converge on to zero as the missile reaches the target, but the resulting end state will 
not be satisfactory.  By changing the sign of g, the Liapunov function becomes:

V=xm
2
−g (T−t)2

(γD−γ)
2

Even if the derivative remains negative definite, the condition V=0 corresponds to equal and 
opposite miss distance and heading errors.  Although the final lateral acceleration will be zero, 
neither of the desired end states will be achieved.

We conclude that control saturation is to be expected at some time before intercept.  The issue is 
whether the engagement should proceed on the basis of proportional navigation alone, or on 
heading hold, or under zero lateral acceleration.

The optimum choice depends on the specific system and engagement conditions, and is not 
derivable by some simplistic minimisation of a general performance index,


