
Rendez-vous Navigation

We have considered elsewhere navigation laws needed to steer a vehicle on to a collision course 
with a target, with or without constraints imposed by the desired end states.

One particularly important end state is with the two vehicles close together, but at the same speed 
and heading.  This is the rendez-vous problem, which because of the greater restriction on the end 
state is a harder problem than simply hitting it.

The principal difference between this and the missile engagement case is the target is co-operative.

We shall assume one of the vehicles remains passive, maintaining its course, height and speed 
throughout the manoeuvre.  We shall denote the active partner in this manoeuvre the ‘pursuer’ and 
the passive partner the ‘target’.

We assume that the pursuer is steered to the general vicinity of the target using inertial/GPS or some
other system referred essentially to fixed axes.  The range at which this sight line based navigation 
begins is dictated by the acquisition range of the sensor.  

For an electro-optical sensor it might be the range at which the target image becaomes sufficient 
large and stable  to be recognisable.  As the situation is one of co-operation, it might be possible for 
the target to emit a transponder signal.  However, it is usually unwise to emit electromagnetic 
radiation if it can possibly be avoided.  The pursuer may not be the only party listening in.

Figure 1 : Rendez-vous Kinematics

The algorithms derived here apply to spacecraft rendez-vous, but to motivate the problem with a 
concrete example we consider the automatic flight refuelling of a drone from another ‘milk cow’ 
drone.  This might be done in order to keep a reconnaissance drone on station over hostile territory 
for extensive periods of time, when the situation is too dangerous to consider using a manned 
tanker.



Apart from the more stringent terminal conditions it is evident that the pursuer must be faster than 
the target at the start of the manoeuvre, otherwise it will never catch it, so we cannot assume the 
constant speed missile and target which simplified the collision problem.

We shall assume that the pursuer has an autothrottle system which maintains a constant deceleration
to the target speed over the nominal time to go.

In figure 1 we have called the datum axis the ‘aim direction’.  It is defined by the position and 
heading  achieved by the mid-course guidance.  This is assumed inadequate for the terminal phase 
of flight, but it is near enough to the end condition to permit small angle approximations in our 
problem formulation.

Sight Line Kinematics

If the initial closing speed is Uc0 this must reduce to zero within the time to go (T), so the rate of 
change of range  (R) at time (t) is:
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From which we deduce the time of flight is:
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where R0 is the range at the start of the terminal phase.

Also:
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Therefore:
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The sight line direction is given by:

y t− y p=Rϕ (6)

Where ϕ is the sightline direction with respect to the reference axis (i.e. the heading of the 
pursuer at the start of the terminal phase).

Differentiating (6) with respect to time:

ẏ t− ẏ p=Ṙϕ+R ϕ̇ (7)



Since the target is not manoeuvring, we have, for the lateral acceleration:

ÿ t− ÿ p=− f y=R̈ϕ+2 Ṙ ϕ̇+R ϕ̈ (8)

where  fy is the pursuer’s lateral acceleration.

If the pursuer does nothing, the miss distance will be:

xm=( y t− yp)+( ẏ t− ẏp)(T−t )  

Or:
xm=Rϕ+(T− t) Ṙϕ+(T−t)R ϕ̇ (9)

This must be reduced to zero, whilst at the same time, the pursuer’s heading must match that of the 
target, i.e

γp=γt (10)

where γ denotes the heading with respect to the datum direction.

Define a Liapunov function:
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where β is a positive constant.  This function is positive definite, so we seek a control law such that 
the time derivative is negative definite.  The factor of 2 is omitted by taking half the time derivative:
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= xm ẋm−β(γt−γ p) γ̇p (12)

Note that the rate of change of target heading is zero.

The rate of change of the pursuer’s heading is given by the lateral acceleration:

γ̇p=
f y

U p

(13)

where Up is the current pursuer’s speed.

Differentiating (9) :

ẋm=Ṙϕ+R ϕ̇−Ṙϕ−R ϕ̇+(T−t)( R̈ϕ+2 Ṙ ϕ̇+R ϕ̈ )=−(T−t) f y (14)

The first term on the right hand side of Equation (10) becomes:
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The  Liapunov function drivative becomes:
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This will be negative definite if:
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where α is a positive constant.

It has been shown elsewhere that β may be a function of time to go:

β=(T−t)m kγ

the heading error term in the Liapunov function derivative remains negative definite, provided m is 
positive.

Equation (15) resembles classic proportional navigation with a few extra terms.  The navigation law
is not changed if we divide Equation (15) by the term:
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The navigation law now takes the form:
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Now:
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The navigation law, with constant values of the system parameters now becomes:
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If m=2, kγ will be a pure number.

Implementation

The formulation of the previous section is intended for study work, in which the effect of system 
parameter values on behaviour may be derived, it does not form a useful basis for practical 
algorithms.

Despite the title of this section, we shall not be addressing the myriad, largely system-specific, 
issues regarding the hardware selection.  Such activity would be largely nugatory without the 
implementation algorithms derived here.



In order to implement the navigation law, the drone sensor fit must include a seeker of some kind 
which can detect the target and distinguish it from any crud which may be in the field of view.  For 
the purposes of this section, the seeker is considered soley as a means of measuring the sight line 
vector with respect to body axes.

For example, if the sightline relative to the body were defined by an azimuth (ψ) and elevation 
angle (θ) the sight line in body axes would be:

ŝB=cos (θ)cos (ψ) i+cos(θ)sin(ψ) j−sin (θ)k (20)

where i , j and k are the unit vectors along the body x, y and z axes.  The x axis points towards the 
nose, the y axis to starboard and the z axis points downwards relative to the body.  The hat denotes a
unit vector.

In addition to the seeker, a means of resolving from body axes to fixed axes is assumed present.  
Typically, this would consist of an inertial navigation system combined with global positioning 
system and/or way point recognition to remove drifts and biases. 

At all times the velocity vector and body orientation are known

At acquisition of the target, the velocity vector direction is stored somehow.  

The velocity vector of the target is communicated to the pursuer, either by direct communications 
link or by pre-arranged flight plan.

The heading error is calculated in fixed axes from the cross product:

sin(γ t−γ p)K=v̂ t×v̂ p  (21)

where K is the unit vector perpendicular to the plane of the manoeuvre.  The sight line direction is 
similarly found from the sight line (after resolving into fixed axes) and the initial pursuer’s velocity 
direction:

sin(ϕ) K= ŝ f× ^v p0 (22)

The subscript f on the sight line unit vector indicates that it is referred to fixed axes.

In order to determine the sight line spin rate we need to look more closely at the resolution from 
body to fixed axes, and how changes in the transformation matrix are related to angular velocity.

The sight line in body axes is given, in general, by a vector of the form:

ŝB=x i+ y j+z k (23)

How this is calculated is a matter of implementation.  We may determine an axis transformation 
matrix which has this vector as x-axis.  The y axis lies in the body x-y plane so has zero component 
in the body z direction.
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The sight line z axis is the cross product of these two:

ŝ z=−(
xz
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The terms in Equations (23), (24) and (25) form the columns of a matrix which may be used to 
resolve vectors, such as the sight line spin from sight line axes to body axes.  The body to fixed axis
matrix derived by the inertial navigation system is then used to resolve into fixed axes.  The product
of these two matrices is a new matrix which resolves vectors from sight line to fixed axes.  We shall
denote it T.  Note that in this context this is a transformation matrix, not the time of flight.

It is easier to understand the relationship between angular velocity and the axis transformation 
matrix by considering the motion of a physical body than it is some abstract sight line based frame 
of reference.

In aeronautics it is standard practice to denote the moments acting about the three body axes by the 
triple (L,M,N) around the x, y and z axes respectively.  It is natural to refer to the axes themselves 
using lower case l.m and n for the roll, pitch and yaw axes.

We have, referred to some axis set having unit vectors  i , j and k:

l=l1i+l2 j+l3 k
m=m1i+m2 j+m3 k (26)
n=n1i+n2 j+n3 k

The individual components (li , etc.) are known as direction cosines.  The three vectors form the 
columns of the matrix to transform from body axes to whichever axis set the  i , j , k  triad is 
defined.

Figure 2 : Incremental Change in x-axis Orientation



Another peculiarity of the aeronautical convention is in the naming of the angular velocity 
components in body axes.  The standard nomenclature is p.q and r to denote roll, pitch and yaw 
rates respectively.

Using this convention, we see that in an infinitesmal time (δt) the x-axis vector (l) changes by an 
increment in the positive y direction and by a simultaneous increment in the negative z-axis 
direction:

δ l=r δ t m−qδ t n

considering the changes in the y and z axes, we have the expressions:

δm= pδ t n−r δt l

and: δn=qδ l− pδ t m

In other words:
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For constant angular velocity, Equation (27) has solution in the form of a matrix exponential:
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Evaluating the matix square:
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The matrix exponential reduces to one function of time multiplied by Ω, and another function of 
time multiplied by Ω2.

We have:
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The solution to Equation (27) is, therefore:
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The transformation matrix is orthogonal, so that its transpose is equal to its inverse, so we can 
define the incremental matrix over a time period δt:

Δ=T (0)
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Taking the trace elements of Δ:

cos (ωδ t)=
Trace (Δ)−1

2
(37)

Since Ω is anti-symmetric we have:
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r
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Δ31−Δ13=2
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p
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In order to find ωδt, it may be better to square and add Equations (38) to (40), than to try and 
calculate it from the trace elements. The cosine calculation is expected to be prone to large errors.

By sampling the sight line to fixed transformation matrix over the time step we may get an estimate 
of the sight line spin in sight line axes.  This is resolved into fixed axes.  We may choose the time 
step to ensure significant change over the sample period.  Initially we might expect the sample time 
to be short, but increasing as the sight line spin is reduced, towards the end of the manoeuvre. 

The three quantities, heading error, sight line direction and sight line spin are all directed out of the 
plane of the manoeuvre.  The required lateral acceleration is then obtained by taking the cross 
product with the unit vector along the current velocity vector.

The resulting fixed axes acceleration is then resolved back into body axes  and processed into bank 
to turn or skid to turn commands to the autopilot, depending on the vehicle configuration.


